ABSTRACT. In this note we are going to understand two questions. One is the fiber of the natural map from a projective algebraic group G to G/Γ, where Γ denotes the Γ-equivalence on G. The other one is to define a natural map from Hilbert scheme of the generic fiber of a fibration X → S to the Chow group of relative zero cycles on X → S and to understand the fibers of this map.
INTRODUCTION
In the breakthrough paper [M] , Mumford had sketched an outline of the fact that the fibers of the natural map from the symmetric powers of a smooth projective variety X to the Chow group of X are countable unions of Zariski closed subsets inside the symmetric powers of X . In the paper by [R] Roitman has proven that the fibers are indeed countable union of Zariski closed subsets inside the symmetric powers of the smooth projective variety X . That is the departing point of this article. We ask the same question but for Γ-equivalence on projective algebraic groups. Here Γ is a smooth projective curve. Two points g , h on G are said to be Γ-equivalent, if there exists two points 0, ∞ on Γ, and a rational map f from Γ to G such that
Now we consider the natural map θ from G to G/Γ, where Γ denotes the Γ-equivalence relation and ask what is the kernel of θ or the fiber of θ over e, the identity element of G. So our main theorem of this article is as follows. The next section is devoted to relative zero cycles which was first introduced by Suslin and Voevodsky in [SV] . We define the Chow group of relative zero cycles and produce a natural map from the Hilbert scheme of length d zero dimensional subschemes on the generic fiber of a fibration X → S, (X , S smooth projective) to the Chow group of relative zero cycles on X → S. We prove that the fibers of this map is countable union of Zariski closed subschemes in the Hilbert scheme. Here we use the techniques coming from [R] to prove this result, also a sketch of this proof was given by Mumford in [M] .
Let G be a projective algebraic group over an uncountable, algebraically closed ground field k. Let θ denote the natural map from G to G/Γ. Then
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PRELIMINARIES
Let G be a projective algebraic group over a ground field k. Two kpoints on G are said to be Γ-equivalent if there exists a chain of rational maps from Γ connecting them. Precisely, let a, b be two k-points on G.
They are said to be Γ-equivalent if there exists rational morphisms f :
Let Γ(e) be the class of the identity e of G under the above relation, that is collection of all k-points of G, Γ-equivalent to e. Then Γ(e) is a subgroup of G and G/Γ(e) is a group.
Mumford-Roitman techniques. Let us consider the following map
where [g ] denotes the class of g in G/Γ(e). Since the addition law in G/Γ(e) is defined to be
we get that θ is a homomorphism of groups. We are interested to understand what is the kernel of θ or θ −1 ([e]). There was a similar such question asked for the natural map from the symmetric power of a fixed degree of an algebraic variety to the Chow group of zero cycles. It was sketched in Mumford's article [M] and later proved by Roitman in [R] , that the fiber over zero of a such a natural map is a countable union of Zariski closed subsets of the symmetric power of the given algebraic variety. In this section we are going to adapt the techniques present in the Roitman's proof in [R] 
, that means that there exists f : Γ → G such that f (0) = g and f (∞) = e. Now the idea in the Roitman's proof is to stratify θ −1 ([e]) by the degree of f . Consider
Here Hom d (Γ,G) is the hom-scheme parametrizing the degree d morphisms from Γ to G, it is known to be a quasi-projective subscheme of the Hilbert scheme of Γ × G, parametrizing subvarieties of Γ × G having Hilbert polynomial d . It is easy to see that
Now we prove that each T d (e) is a quasi-projective subscheme of G. For that consider the Cartesian diagram
Where the morphism e v is given by
and the morphism from
, where π is the projection from
Then we have to prove that there exists f : Γ → G such that
Let W be an irreducible component of T d (e) whose Zariski closure contains the point g . Let U be an affine neighborhood of g such that U ∩ W is non-empty. Let us take an irreducible curve C passing through g in U .
LetC be the Zariski closure of C inW . Now embedding G in G ×G by the homomorphism g → (g , e), we have the regular morphism
given by
and T d (e) is the image of the morphism e v . Then we can choose a quasiprojective curve T in Hom d (Γ,G) such that the closure of e v (T ) isC . We give details of the construction of T . Let us consider e v −1 (C ). It is of dimension greater or equal than 1. So it contains a curve. Consider two distinct points on C , consider their inverse images, then there will be a curve in ev −1 (C ) which map to the curve C . Then this curve is our required curve T . Now letT be the closure of T in P N k . Let T be the normalization of T and let T 0 be the inverse image of T in T . Consider the evaluation morphism
where
This defines a rational map from T × Γ to G, since T is non-singular, on each fiber T × {Q}, f 0 defines a regular map from T toC . So the regular morphism T 0 → T →C extends to a regular morphism T →C . Let P be a point in the fiber of this morphism over g . For any closed k-point Q on Γ, T × {Q} maps ontoC . Then we get that there exists x 0 , x 1 on Γ such that where m = dim(X ). Since X can be written as a countable union of Zariski closed subset of itself, we can write P m k as a countable union of Zariski closed subsets of itself, say
Since the collection of Z i 's is countable and the ground field k is uncountable, we get that there exists a hyperplane H not contained in any of the Z i 's. So we can write
Continuing this process we obtain that P 1 k is a countable union of its kpoints, which contradicts the assumption that k is uncountable. Proof. We write each Z j as a finite union of irreducible components say,
. Then we get that
for simplicity we write the above as
where each B i is irreducible. Now order the B i 's by set inclusion and only consider those B i 's which are maximal with respect to inclusion. Then we get an irredundant decomposaition cup i B i . Now we have to prove that this decomposition is unique. Suppose that there exists another decomposition ∪ j ∈N A j . Then observe that each A j is contained in some B i , otherwise, we can write
where A j ∩ B i is a proper closed subset of A j , which contradicts the previous lemma 3.1. Similarly B i is contained in some A k , so we get that A j = A k and consequently A j = B i . So we get that the decomposition is unique. 
Since it is the image of the morphism
it is irreducible and Zariski closed. Therefore by lemma 3.1, it must land inside some A j . Also since e belongs to A 0 , · · · , A m , we get that
So by the irredundancy we get that A 0 = A 1 = · · · = A m . So A 0 is the unique irreducible Zariski closed subset in the decomposition ∪ i A i such that it passes through e. Now we claim that A 0 is an abelian variety. For that suppose that x ∈ A 0 . Then consider −x + A 0 , since translation by −x is a homeomorphism, −x + A 0 is Zariski closed and irreducible. Hence by 3.1, it is a subset of some A j . Now e belongs to −x + A 0 and there passes a unique A 0 through e so we get that A j = A 0 and hence −x + A 0 ⊂ A 0 . Now we show that A 0 + A 0 is inside A 0 . For that we observe that A 0 + A 0 is the image of the regular morphism from A 0 × A 0 to G given by
Then again by lemma 3.1, A 0 + A 0 is inside some A j and A 0 is inside A 0 + A 0 , so we get that A j = A 0 . So A 0 is an abelian variety.
Therefore we can write
where the above union is disjoint. We prove that the above union is actually countable. So let us consider x + A 0 , since it is Zariski closed irreducible, it must land inside some A j . So we get that A 0 ⊂ −x + A j , by similar argument we get that −x + A j ⊂ A k so we get that A k = A 0 ,which in turn gives us that x + A 0 = A j , since there are only countably many A j 's we get only countably many x + A 0 's giving us
PROJECTIVE ALGEBRAIC GROUPS OVER C
In this section we are going to understand that θ −1 ([e]) is actually a finite union of translates of an abelian subvariety of G, when the ground field is complex numbers.
Proposition 4.1. Let G be a projective algebraic group over
is a finite union of translates of A 0 .
Before going to the proof of the theorem we recall the definition of a Baire space. A topological space X is called Baire, if any countable union of closed sets having non-empty interior implies that one of them has non-empty interior. Any complete metric space or a locally compact Hausdorff space is Baire. Also if X is a non-empty Baire space, which is a countable union of closed subsets, then it follows that one of the closed subsets has non-empty interior.
Proof. By the proposition 3.3
since A 0 is an abelian subvariety in G it is closed in the analytic topology. Also G is a metric space and A 0 is closed, so it is complete under this metric. Now we claim that ker(θ) is complete under this metric. So take a Cauchy sequence {y n } n in ker(θ). We claim that there exists some n 0 ∈ N such that for all n ≥ n 0 , y n belongs to one of the x i + A 0 . Suppose the opposite. That is for each N , there exists n, m ≥ N such that y n belongs to one x i + A 0 and y m belongs to x j + A 0 , where
Now take ǫ to be less than the infimum of d (y n , a) , where y n belongs to x i + A 0 and a ∈ x j + A 0 , where (
where a varies in x j + A 0 . Since x j + A 0 is compact in the analytic topology we have that, there exists b such that
contradicting the fact that {y n } n is Cauchy. So there exists N ∈ N such that for all n ≥ N we have y n belongs to one fixed x i + A 0 . Since x + A 0 is complete for each x ∈ G, we get that the sequence {y n } n converges in x i + A 0 . Hence ker(θ) is complete. So it is a Baire space. Therefore there exists one x i such that the interior of x i + A 0 is non-empty. Since translation by −x i is a homeomorphism we get that the interior of A 0 is non-empty. Now A 0 is a topological subgroup of ker(θ) whose interior is non-empty. So A 0 is open in ker(θ). Therefore each x i + A 0 is open in ker(θ). So we have an open cover of ker(θ). Since ker(θ) complete in the given metric, it is closed in A 0 . So it is compact in the analytic topology of G. Therefore we get that a finitely many x i + A 0 cover ker(θ). So ker(θ) is a finite union of translates of A 0 . Since each x i + A 0 is Zariski closed and irreducible in G, we get that ker(θ) is an algebraic subgroup of G.
RELATIVE RATIONAL EQUIVALENCE AND THE MUMFORD-ROITMAN TYPE ARGUMENT
Now we would like to generalize the Mumford-Roitman argument saying that the natural map from the Chow variety of a smooth projective variety to the Chow group of the variety itself, has the fibers equal to a countable union of Zariski closed subsets of the Chow variety. All this is happening over an uncountable ground k. Now we suppose that X is a smooth-projective scheme over another Noetherian scheme S. Then we observe that there is a natural map from the k(S)-points of the Hilbert scheme Hilb d (X /S) to CH 0 (X /S). We prove that the fibers of this map is a countable union of Zariski closed subschemes in Hilb d (X /S)(η), where η is the generic point of S. First of all we recall the definition of the relative cycles on the scheme X /S due to [SV] . A relative cycle of relative dimension r on X , is an algebraic cycle such that all its prime components maps to the generic point η of S and for any k-point P on S, the pullback with respect to any fat point corresponding to P coincide. Now observe that any r -cycle on X which is flat over S, that is its composition of Z → X → S is flat is a relative cycle. In view of this we consider the Hilbert scheme Hilb d (X /S) and its k(S) points, which is nothing but Hilb d (X η ), that is the length d zero dimensional subschemes of X η . We denote it by X [d] η , and we have a natural map from X [d] η to Z 0 (X /S) associating a zero dimensional subscheme of length d to its fundamental cycle. For sake of convenience we identify X [d] η with its image under the Hilbert-Chow morphism to the symmetric power Sym d X η , and denote it by the same notation X product of Hom 
) and another h in Hom Compose f with the projections to X [d+u] and to X [u] , then we have g in η ) such that the closure of e(T ) isC . Consider the normalization T of the Zariski closure of T . Let T 0 be the pre-image of T in the normalization. Now the regular morphism T 0 → T →C extends to a regular morphism from T toC . Now let f be a pre-image of (A, B). Then we have f (0, s) = A; , f (0, ∞) = B and the image of f is contained in X [d] η . Therefore A, B are relatively rationally equivalent.
